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TheJacobsthalnumbers nj areterms of thesequence

 0,1,1,3,5,11,... ,definedbytherecurrencerelation

n n 1 n 2j j 2 j   beginningwiththevalues

0 1j 0, j 1   . Similarly, 

theJacobsthalLucasnumbers nc areterms of 

thesequence 2,1,5,7,17,...

definedbytherecurrencerelation n n 1 n 2c c 2c  

beginningwiththevalues 0 1( c 2, c 1 )   in [1]. 

Andtherelationbetweenthesesequencesaregiven as  

JacobsthalLucassequence as  

 

n n 1 n 1

n n 1 n 1

c 2 j j (1)

9 j 2c c ( 2 )

 

 

 

 

 

TherearemanypapersaboutJacobsthalandJacobsthal

Lucasnumbers in thelastdecadeyears. 

Forexampleyou can canfind in thereferences [1-6]. 

TheauthorsgaveformulasforFibonacciandLucassequ

ences at negativeindices in [13]. 

SimilarlyDaşdemirextendedMersenne, 

JacobsthalandJacobsthalLucastotheirtermswithnega

tivesubscriptsandfoundsomeimportantrelationships 

in [14]. JacobsthalandJacobsthalLucasnumbers at 

negativeindicesareobtainedbyusingthefollowingequ

alities: 

 
n

n nn

n 1

n nn

( 1)
c c ( 3 )

2

( 1)
j j ( 4 )

2













 

First Jacobsthalnumbers at negativeindicesare 

j₋ ₁ =1/2, j₋ ₂ =(-1)/4, j₋ ₃ =3/8, j₋ ₄ =-5/16, 

j₋ ₅ =11/32, j₋ ₆ =-21/64.    First 

JacobsthalLucasnumbers at 

negativeindicesarec₋ ₁ =-1/2, c₋ ₂ =5/4,c₋ ₃ =-

7/8,c₋ ₄ =17/16, c₋ ₅ =-31/32, j₋ ₆ =65/64. 

 

Therearemanygeneralizations on thesesequences. 

Forexample, (s,t)-Jacobsthaland (s,t)-

JacobsthalLucassequencesaredefinedbyusingthefoll

owingrecurrencerelations 

 

n n 1 n 2 0 1

n n 1 n 2 0 1

j ( s,t ) j ( s,t ) 2 j ( s,t ) , j ( s,t ) 0, j ( s,t ) 1

c ( s,t ) c ( s,t ) 2c ( s,t ) , c ( s,t ) 2, c ( s,t ) s

 

 

   

   
 

 

wheres>0, t≠0 ands²+8t>0 respectively in [2]. (s,t)-

Jacobsthaland (s,t)-JacobsthalLucassequences at 

negativeindices can be given as 

n 1 n 2
n

n 1 n 2
n

sj ( s,t ) j ( s,t )
j ( s,t )

2t

sc ( s,t ) c ( s,t )
c ( s,t )

2t

   


   








 

 

Matrixalgebraplays an important role in thetheory 

of specialintegersequences. So, in [7], Williams 

studiedthenthpower of a 2x2 matrix. 

BergumandHoggattinvestigatedthesumsandproduct

sforrecurringsequences in [8]. Laughlin, 

studiedcombinatorialidentitiesderivingfromthenthp

ower of somematrices in [9,10]. 

ThenBelbachirfoundlinearrecurrentsequencesandpo

wers of a squarematrix in [11]. 

Andtheauthorsderivedcombinatorialidentitiesbyusin

gthetrace, the determinant andthenthpower of a 

specialmatrixwhoseentriesaregeneralizedFibonacci

andLucasnumbers in [12]. 

Binetformulaenables us 

tostateJacobsthalandJacobsthalLucasnumberseasily

. It can be 

clearlyobtainedfromtherootsr₁ =2andr₂ =-1 of 
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characteristicequationof  therecurrencerelation as 

the form x²=x+2. 

TheBinetformulasforJacobsthalandJacobsthalLucas

numbersnumbersaregivenby 

 
n n

1 2
n

1 2

n n

n 1 2

r r
j

r r

c r r






 

 

 

In [7], Williams, gave a well-knownformulathatif

a b
A

c d

 
  
 

,then 

 
n n n 1 n 1

1 2 1 2
2 1 2n

1 2 1 2

n 1 n 2

1 2

x x r r
A I , x x

x x r rA

nx A ( n 1)det( A )x , x x

 

 

  
 

  


  

 

x₁ ,x₂  beingtheroots of 

theassociatedcharacteristicequation of thematrixA 

 
2r ( a d )r det( A ) 0.     

 

Laughlin, in [9,10] gaveif A is a 2x2 matrix as 

a b
A

c d

 
  
 

thenthenthpower of A is givenby 

 

n n 1 n 1n

n 1 n n 1

x dx bx
A

cx x ax

 

 

 
  

 
 

where

n

2
n 2i i

n
i 0

n i
x ( trA) ( det A)

i

 
 
 





 
   

 
. 

 

Proposition 1:In [14], 

JacobsthalandJacobsthalLucasnumbers at 

negativeindicesaresatisfiedthefollowingidentities: 

2 n 1 n 1

( n 1 ) ( n 1 ) n

2 n 1 n 1

( n 1 ) ( n 1 ) n

( n 1 ) ( n 1 ) n

( n 1 ) ( n 1 ) n

j j j ( 1) 2 (6 )

c c c ( 1) 2 (7 )

2 j j c ( 8 )

2c c 9 j ( 9 )

 

    

 

    

    

    

  

  

 

 

 

 

  

Proposition 2:In [14], D'OcagnepropertiesforJacobsthalandJacobsthalLucasnumbers at 

negativeindicesaredemonstratedby 

 
m m 1

( m 1 ) n m ( n 1 ) ( n m )

n n 1

( m 1 ) n m ( n 1 ) ( m n )

n n

r ( n 1 ) ( r 1 ) n n r

n n

r ( n 1 ) ( r 1 ) n n r

j j j j ( 1) 2 j (10 )

c c c c 9( 1) 2 j (11)

c j c j ( 1) 2 c (12 )

j c j c ( 1) 2 c (13 )

 

       

 

       



      



      

  

  

  

  

 

 

Theorem 3: Let us consider a specialmatrix as follows 

 

 

 

 

Thenthpower of J is calculatedbyusingJacobsthalsequencesandJacobsthalLucassequences at negativeindices as 

 

5 1
J (14 )

2 4
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Proof:Forn=0, thestatement is true. Let us it is trueforallk≤n, and n is even. Thenforn=k+1, 

weinvestigatethetruthness of theclaim. 

 

( n 1 ) nn 1 n

n ( n 1 )

2 j j 5 1
J 6

2 j j 2 4

  

  

   
    

  
 

Forthe (1,1) element of 
n 1J 

 

 

 

n 2 n 1 n 2
n n n

( n 1 ) n ( n 1 ) nn 1 n 1 n 1

n 2
n n

n 2 ( n 2 )n 1

( 1) ( 1) ( 1)
J 6 10 j 2 j 2.6 ( 5 j 2 j )

2 2 2

( 1)
2.6 c 2.6 ( 2c )

2

  

   



  

     
      

   

 
  

 

 

  

Theotherelements is obtainedbyusing a similarway. Nowassumen is odd 

 

Jⁿ⁺ ¹=(6ⁿ/3)
( n 1 ) n

n ( n 1 )

2c c

2c c

  

  

 
 
 

5 1

2 4

 
 
 

 

Forthe (1,1) element of 
n 1J 

 

 

n 1 n n 1
n n 1 n 1

n 1 n n 1 nn 1 n n 1

n 1
n 1 n 1 n 1

n 2 ( n 2 )n 1

( 1) ( 1) ( 1)
(6 / 3 ) 10 c 2 c 2 .3 ( 5c 2c )

2 2 2

( 1)
2 .3 9 j 2.6 j .

2

 
 

  


  

  

     
     

   

 
  

 

 

 

Theotherelements is obtainedbyusing a similarway. 

 

Theorem 4: Forpositiveintegersn, explicitclosed form 

expressionsforJacobsthalsequencesandJacobsthalLucassequences at negativeindicesaregiven as 

 

( n 1 ) nn n

n ( n 1 )

( n 1 ) nn n

n ( n 1 )

2 j j
J 6 , n is even (15 )

2 j j

2c c
J (6 / 3 ) , n is odd (16 )

2c c
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n 1

2
n 2 2k k n k 1

n
k 0

n 1

2
n 1 2k k n k 1

n
k 0

n 1 k
j 3 2 ( 1) , if n is even

k

n 1 k
c 9 2 ( 1) , if n is odd

k

 
 
 

   




 
 
 

   




  
   

 

  
   

 

 

 

Proof:Byusing (5-9), thenthpower of J is 

 

n n 1 n 1n n

n 1 n n 1

x 4x x
J 6

2x x 5x

 

 

  
  

  
 

 

where

n n

2 2
n 2i i n i i

n
i 0 i 0

n i n i
x 9 ( 18 ) 9 ( 2 )

i i

   
   
   

 

 

    
       

   
. Bytheequality of correspondingentries of 

(1,2),  ifn  is an evennumber,and

n 1
n

2 1 i
i n i 12

n
i 0

n 1 i
j 9 2 ( 1)

i

 
 
   

 




  
    

 
ifn is oddnumber

n 1
n 1

2 i
i n i 12

n
i 0

n 1 i
c 9 2 ( 1)

i

 
 

  
 




  
   

 
. 

Theorem 5: Forn,kpositivenumbers 
k 1

2
k 1 2i ni i

nk n n n
i 0

k 1

2
k 1 2k 2 i ni i 1 2i

nk n n n
i 0

k 1

2
k 1 k 1 2i ni i

nk n n n
i 0

k 1 i
j j c c 2 ( 1) , if n,k are even

i

k 1 i
c j c 3 9 2 ( 1) j , if n,k are odd

i

k 1 i
j 3 j c j 2 9

i

 
 
 

 

  


 
 
 

     

   


 
 
 

    

   


  
   

 

  
   

 

  
   

 

i

k 1

2
k 1 2i ni i i

nk n n
i 0

( 1) , if n is odd ,k is even

k 1 i
j j c 2 9 ( 1) , if k is odd ,n is even

i

 
 
 

   

  




  
   

 

 

 

 

 

Proof:Ifn  is an evennumber. thekthpower of thematrixJⁿ is demonstratedby 
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n n

k ( n 1 ) k 1 n k 1
nk

n 1

n n 1 2
n k 1 k ( n 1 ) k 1

x 6 j x 6 j x

J

2.6 j x x 2 9 j x

    





    

 
 
  

 

where

k

2
n i k 2i

k n
i 0

k i
x (( 18 ) ) c

i

 
 
 






 
   

 
since by (6), (8) as 

n 2n 1 n 2 n

( n 1 ) ( n 1 ) ndet( J ) 2 9 j j j ( 18 )

    
      and

n

( n 1) ( n 1) nt r( J ) 2 j j c       . In (15) 

thesubstitutionfor-n →-nk,,givesthenk.th power of J. Bytheequality of correspondingentries of thematrices, 

thedesiredresult is obtained. 

Ifn is an oddnumber 

 

n n 1 nk n 1

k ( n 1 ) k 1 n k 1nk

n 1 n 1 n 1 n 1

n k 1 k ( n 1 ) k 1

x 2 3 c x 2 3 c x
J

2 3 c x x 2 3 c x

 

    

   

    

 
  

  
 

 

where

k

2
ni k 2i k 2i

k n
i 0

k i
x ( 18 ) 9 c

i

 
 
 

 




 
   

 
because of (7), (9), 

n 2n 1 n 1 2 n

( n 1 ) ( n 1 ) ndet( J ) 2 9 c c c ( 18 ) 

    
       and

n

( n 1) ( n 1) nt r( J ) 2c c 9 j       .  

Theresult is obtainedbytheequality of thematrices. 

 

Corollary 6:Byusingmatrixproduct, thefollowingidentitiesaredenoted 

( n 1 ) m n ( m 1 ) ( n m )

( n 1 ) m n ( m 1 ) ( n m )

( n 1 ) m n ( m 1 ) ( n m )

( m 1 ) n m ( n 1 ) ( n m )

2 j j j j j , m,n are even

2c c c c 9 j , m,n are odd

2 j c j c c , m is odd ,n is even

2 j c j c c , n is odd ,m is even

       

       

       

       

 

 

 

 

 

 

Proof: ,Ifm, nareevennumbers, thenm+nis alsoevennumber. ByTheorem 3, it is satisfied: 

 

( m 1 ) m ( n 1 ) nm n m n

m ( m 1 ) n ( n 1 )

( m n 1 ) ( m n )m n m n

( m n ) ( m n 1 )

2 j j 2 j j
J J 6

2 j j 2 j j

2 j j
J 6

2 j j

     

     

     

    

   
    

   

 
   

 

 

 

Bytheequality of (2,1) elements of matrices, theresult is obtained. Theotherresultsarealsofoundbysimilarway. 

 

Corollary 7:Byusingmatrixproduct 
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n

( m 1 ) n m ( n 1 ) ( m n )

n

( m 1 ) n m ( n 1 ) ( m n )

n

( m 1 ) n m ( n 1 ) ( m n )

n

( m 1 ) n m ( n 1 ) ( m n )

2 j j j j 2 j , m,n are even

2c c c c 9.2 j , m,n are odd

2
2 j c j c c , n is odd ,m is even

9

2c j c j 2 c , m is odd ,n is even



       



       



       



       

  

  

  

  

 

 

Proof:Ifm, nareevennumbers, thenm+n is alsoevennumber. ByTheorem 3, it is satisfied: 

 

 

n
( m 1 ) m ( n 1 ) nm n m

n
m ( m 1 ) n ( n 1 )

( m n 1 ) ( m n )m n m n

( m n ) ( m n 1 )

2 j j 2 j j6
J J 6

2 j j 2 j j( 18 )

2 j j
J 6

2 j j

     

     

     

    

   
    

   

 
   

 

 

 

Bytheequality of (2,1) elements of matrices, theresult is obtained. Theotherresultsarealsofoundsimilarly. 

 

 

Theorem 8:Let us assumethatn,r,karepositiveintegers, thefollowingidentitiesaresatisfied: 

 

Fork, n,reven 

 

       
 

k

2 i ni k 2i n r

n rnk r r
i 0

n

jk i k 2i
j 1 2 c j ,

i k i 2 c

 
 
     

  




   
          

 

 

For k, n, r   odd 

 

       
 

k

2 i ni k 2i n r

n rnk r r
i 0

n

jk i k 2i
j 1 2 j c ,

i k i 2 j

 
 
     

  




   
          

 

 

For n odd, k, r even 

 

       
 

k

2 i ni k 2i n r

n rnk r
i 0

n

ck i k 2i
j 1 2 3 j j ,

i k i 9 j

 
 
     

  




   
          

 

 

For n, r  even, k odd 

 

       
 

k

2 i ni k 2i n r

n rnk r r
i 0

n

jk i k 2i
j 1 2 c j ,

i k i 2 c

 
 
     

  




   
          

 

 

For n, r  odd, k  even 
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k

2 i ni k 2i n r

n rnk r r
i 0

n

jk i k 2i
c 1 2 3c c ,

i k i 2 j

 
 
     

  




   
          

 

 

For k, r  odd, n even 

 

       
 

k

2 i ni k 2i r n

n rnk r
i 0

n

ck i k 2i
c 1 2 c c ,

i k i c

 
 
     

  


   
          

 

 

For k, n  odd, r even 

 

       
 

k

2 i ni k 2i r nk i

n rnk r
i 0

n

ck i k 2i
c 1 2 9 j j ,

i k i 9 j

 
 
     

  


   
          

 

 

For k, n  even, r odd 

 

       
 

k

2 i ni k 2i r n

n rnk r
i 0

n

ck i k 2i
c 1 2 c c

i k i c

 
 
     

  


   
          

 

  

 

Proof:Assumethatn,k,revenintegers, thennk+ris even. ByusingTheorem 3, it is obtainedthat 

   

   

nk r 1 nk rnk r nk r

nk r nk r 1

2 j j
J 6

2 j 2 j

     

    

 
 
 
 

 

Thenby(5), it is writtenthat 

 

   

 

 

 

n n
k r 1k k 1 n k 1n 1nk r n r r

n n

r 1n k 1 k k 1n 1

2 j j ry 6 j y 6 j y
J J J 6

2 j r j2.6 j y y 2.6 j y

    

    

   
   

      

 

 

where     
k

i2 k 2i nn

k n
i 0

k i
y 6 c 18 .

i

 
 
  




 
    

 
Bytheequality of matrices 

 

      
r n n nk r

k k 1 r n k 1n 1 r 1 nk r
6 y 6 j y j 6 j y j 6 j

        
   
 

 

 

Aftersomealgebraicoperation 
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k

i2 k 2i nnk n

nnk r
i 0

k 1

i2 k 1 2i nn n

r nn 1
i 0

k 1

i2 k 1 2i nn n

n nr 1
i 0

k

i2 k 2i nn

n
i 0

r

k i
6 j j r 6 c 18

i

k 1 i
6 j j 6 c 18

i

k 1 i
6 j j 6 c 18

i

k i
6 c 18

i

. j

 
 
  

 


 
 
   

  


 
 
   

  


 
 
  






 
     

 

  
    

 

  
    

 

 
    

 

    

   
 

n rr 1 n 1

n

k

2 i k 2i n rni

n r r
i 0

n

k 2i 1
j j j j

k i c

jk i k 2i 1
1 2 c j

i k i c 2

    



 
 
    

 




 
  

 

   
     

      
 

Fortheotherproofs a similarway is used. 
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